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Efficient verification of the functioning of quantum devices is a key to the development of quan-
tum technologies, but is a daunting task as the system size increases. Here we propose a simple
and general framework for verifying unitary transformations that can be applied to both individual
quantum gates and gate sets, including quantum circuits. This framework enables efficient verifica-
tion of many important unitary transformations, including but not limited to all bipartite unitaries,
Clifford unitaries, generalized controlled-Z gates, generalized CNOT gates, and CSWAP gate. The
sampling complexity increases at most linearly with the system size and is often independent of the
system size. Moreover, little overhead is incurred even if one can only prepare Pauli eigenstates and
perform local measurements. Our approach is applicable in many scenarios in which randomized
benchmarking (RB) does not apply and is thus instrumental to quantum computation and many
other applications in quantum information processing.
Introduction.—Quantum technologies promise to dra-
matically boost our capability in secure communication,
fast computation, and efficient simulation of quantum
many-body systems. To harness the power of quantum
technologies, it is crucial to characterize and verify quan-
tum devices with a high precision [1]. The problem is
particularly pressing in the context of quantum computa-
tion, in which efficient characterization of quantum gates
and circuits has become a bottleneck. To characterize
quantum gates with quantum process tomography, the
resource overhead increases exponentially with the sys-
tem size. As a popular alternative, randomized bench-
marking (RB) [2–5] is much more efficient and is ro-
bust against state preparation and measurement errors
(SPAM). However, RB usually relies on strong assump-
tions on the set of gates to be benchmarked, such as
group structure and the property of being a unitary 2-
design. Although tremendous efforts have been directed
to relaxing these assumptions [6–11], the applicability of
RB is still quite limited.
In this paper we propose a general and efficient frame-
work for verifying unitary processes based on local opera-
tions, that is, local state preparation and measurements.
Our approach can be applied to individual gates as well
as gate sets, including quantum circuits, even in many
scenarios in which RB does not apply. It enables efficient
verification of many important unitary transformations,
including but not limited to all (qubit and qudit) bipar-
tite unitaries, Clifford unitaries, generalized controlled-
Z gates, generalized controlled-not gates (CNOT), and
controlled-swap gate (CSWAP, also known as Fredkin
gate) [12]. To achieve infidelity ǫ and significance level
δ, the number of tests required (sample complexity) is
at most ⌈2nǫ−1 ln δ−1⌉ (n is the number of parties), and
it is even independent of system size in many cases of
practical interest.
Channel-state duality.—The idea of channel-state du-
ality [13] will play a key role in the study of quantum gate
verification (QGV). Let H be a Hilbert space of dimen-
sion d and B(H) the space of bounded linear operators
on H. A quantum channel Λ on B(H) is represented by
a completely-positive and trace-preserving (CPTP) map
[12]. Given a unitary transformation U associated with
the unitary operator U , let U† denote the transformation
associated with U †, the Hermitian conjugate of U . The
average gate fidelity between Λ and U reads
FA(Λ,U) :=
∫
tr[Λ(|ψ〉〈ψ|)U |ψ〉〈ψ|U †]dψ
=
∫
〈ψ|E(|ψ〉〈ψ|)|ψ〉dψ, (1)
where the integral is over the normalized Haar measure
and E = U†◦Λ. The average infidelity reads ǫA := 1−FA.
Quantum channels on B(H) are in one-to-one corre-
spondence with Choi states on H ⊗ H [13]. More pre-
cisely, the Choi state associated with Λ is defined as
χΛ := (Λ⊗ 1)(|Φ〉〈Φ|), (2)
where Φ = (
∑
j |jj〉)/
√
d is a maximally entangled state
in H⊗H . The second reduced state of χΛ is completely
mixed, that is, tr1 χΛ = 1/d. Conversely, any quantum
state on H ⊗ H that satisfies this condition determines
a quantum channel via the duality relation. Denote by
ρ∗ the complex conjugate of ρ in the computational ba-
sis, then Λ(ρ) = d tr2[χΛ(1 ⊗ ρ∗)]. The entanglement
fidelity or process fidelity between Λ and U is defined as
FE(Λ,U) := trχΛχU = 〈Φ|χE |Φ〉 [14], and ǫE := 1 − FE
is the entanglement infidelity. By Refs. [15, 16], we have
FA =
dFE + 1
d+ 1
, ǫA =
dǫE
d+ 1
. (3)
When U is the identity, FA(Λ,U) and FE(Λ,U) are ab-
breviated as FA(Λ) and FE(Λ), respectively.
2Quantum gate verification.—Consider a device that
is supposed to perform the unitary transformation U ,
but actually realizes an unknown channel Λ. To verify
whether the channel Λ is sufficiently close to the tar-
get unitary, we can pick a pure test state ρj = |ψj〉〈ψj |
randomly with probability pj from the ensemble of test
states and feed into the channel. Then we can verify
whether the output Λ(ρj) is sufficiently close to the tar-
get state U(ρj) = UρjU †. To this end, we perform
two-outcome tests {El|j , 1 − El|j} from a set of acces-
sible tests depending on the input state ρj [17–19]. The
test operator El|j corresponds to passing the test and
satisfies the condition El|jU(ρj) = U(ρj), so that the
target output state U(ρj) can always pass the test. Sup-
pose the test El|j is performed with probability pl|j given
the test state ρj, then the passing probability of Λ(ρj)
reads tr[ΩjΛ(ρj)], where Ωj =
∑
l pl|jEl|j is a verifica-
tion operator for U(ρj) [17–19]. Note that Ωj ≥ U(ρj)
since U(ρj) is supported in the eigenspace of Ωj with the
largest eigenvalue 1. The overall average passing proba-
bility reads
∑
jl
pjpl|j tr[Λ(ρj)El|j ] = tr(Θ˜χΛ) = tr(ΘχE), (4)
where
Θ˜ := d
∑
j
pjΩj ⊗ ρ∗j , Θ := d
∑
j
pjU
†ΩjU ⊗ ρ∗j (5)
are called channel verification operators. Here the first
variant Θ˜ is more natural, but the second variant Θ
is more convenient for technical analysis. Note that
tr(Θ|Φ〉〈Φ|) =∑j pj = 1, so the passing probability is 1
if Λ = U (which means χE = |Φ〉〈Φ|) as expected.
Now we repeat the preparation and test procedure N
times and accept the device iff all tests are passed. In
general, the channels Λ1,Λ2, . . . ,ΛN realized over the N
runs may be different due to inevitable fluctuations, but
here we assume that they are independent for simplicity.
Then the acceptance probability reads
∏N
r=1 tr(ΘχEr).
where Er = U† ◦ Λr. Our goal is to ensure that the false
acceptance probability is smaller than a given threshold,
the significance level δ, whenever the average gate (or
entanglement) fidelity is smaller than a given threshold.
For 0 ≤ ǫ ≤ 1, define
pA(Θ, ǫ) := max
FA(E)≤1−ǫ
tr(ΘχE), (6)
pE(Θ, ǫ) := max
FE(E)≤1−ǫ
tr(ΘχE). (7)
Then the passing probability in Eq. (4) is upper bounded
by pA(Θ, ǫ) [pE(Θ, ǫ)] whenever the average gate fi-
delity FA(Λ,U) [entanglement fidelity FE(Λ,U)] is up-
per bounded by 1 − ǫ. According to Eq. (3), we have
pA(Θ, ǫ) = pE(Θ, (d + 1)ǫ/d), so to compute pA(Θ, ǫ), it
suffices to compute pE(Θ, ǫ). In general, it is not easy to
derive an analytical formula for pE(Θ, ǫ), but it is easy to
compute its value by semidefinite programming (SDP),
maximize tr(ΘχE) subjected to
χE ≥ 0, tr1 χE = 1/d, 〈Φ|χE |Φ〉 ≤ 1− ǫ. (8)
The following proposition is a simple implication of the
definitions in Eqs. (6) and (7).
Proposition 1. pA(Θ, ǫ) and pE(Θ, ǫ) are concave and
nonincreasing in ǫ, but are convex in Θ.
Here the concavity of pE(Θ, ǫ) means
pE(Θ, ǫ) ≥ µpE(Θ, ǫ1) + (1 − µ)pE(Θ, ǫ2) (9)
if ǫ = µǫ1 + (1 − µ)ǫ2 and 0 ≤ µ ≤ 1. By contrast, the
convexity means
pE(Θ, ǫ) ≤ µpE(Θ1, ǫ) + (1− µ)pE(Θ2, ǫ) (10)
if Θ = µΘ1 + (1 − µ)Θ2. The same holds for pA(Θ, ǫ).
Thanks to Proposition 1, the acceptance probability∏N
r=1 tr(ΘχEr) can be upper bounded by
N∏
r=1
pE(Θ, ǫr) ≤
[
1
N
∑
r
pE(Θ, ǫr)
]N
≤ pE(Θ, ǫ¯)N , (11)
where ǫr = 1−FE(Er) and ǫ¯ =
∑
ǫr/N are the entangle-
ment infidelities and their average over the N runs. The
upper bound in Eq. (11) can be saturated when all ǫr are
equal. To verify U within entanglement infidelity ǫ and
significance level δ, which means pE(Θ, ǫ)
N ≤ δ [assum-
ing pE(Θ, ǫ) < 1], the number of tests required reads
NE(ǫ, δ,Θ) =
⌈
ln δ
ln pE(Θ, ǫ)
⌉
. (12)
To verify U within average infidelity ǫ, the number is
NA(ǫ, δ,Θ) =
⌈
ln δ/ ln pA(Θ, ǫ)
⌉
= NE((d+ 1)ǫ/d, δ,Θ).
To minimize the number of tests, we need to minimize
pE(Θ, ǫ) or pA(Θ, ǫ) over the channel verification operator
Θ. Let V be an arbitrary unitary operator on H and ΘV
be the verification operator constructed fromΘ by replac-
ing ρj with V ρjV
† and El|j with UV U
†El|jUV
†U †. Then
we have pE(ΘV , ǫ) = pE(Θ, ǫ) and pE((Θ + ΘV )/2, ǫ) ≤
pE(Θ, ǫ). So averaging over unitarily equivalent strategies
cannot decrease the efficiency. In addition, the efficiency
cannot decrease if we replace Ωj with UρjU
† given that
Ωj ≥ UρjU † by assumption. Therefore, pE(Θ, ǫ) and
pA(Θ, ǫ) are minimized when Ωj = UρjU
† and the en-
semble {ρj , pj}j of test states is distributed according to
the Haar measure. Then we have
Θ = ΘP := d
∑
j
pjρj ⊗ ρ∗j =
d|Φ〉〈Φ|+ 1
d+ 1
, (13)
3where ΘP is the preparation operator. The same con-
clusion holds if the ensemble {ρj, pj}j forms a 2-design
[20–22]. The minimums of pE(Θ, ǫ) and pA(Θ, ǫ) read
pE(Θ, ǫ) = 1− d
d+ 1
ǫ, pA(Θ, ǫ) = 1− ǫ, (14)
so that NE(ǫ, δ,Θ) = NA(dǫ/(d+ 1), δ,Θ) and
NA(ǫ, δ,Θ) =
⌈
ln δ
ln(1 − ǫ)
⌉
≤
⌈
1
ǫ
ln
1
δ
⌉
. (15)
Note that these results are independent of the unitary
transformation to be verified.
According to the above analysis, in general we have
pA(Θ, ǫ) ≥ 1 − ǫ, and the number of tests required is
bounded from below by Eq. (15). Denote by βj the sec-
ond largest eigenvalue of Ωj , that is, βj := ‖Ωj−UρjU †‖,
and let βM := maxj βj , νj := 1−βj, νM := 1−βM. Then
Ωj ≤ νjUρjU † + βj , so that
Θ ≤ d
∑
j
pj(νjρj + βj)⊗ ρ∗j ≤ νMΘP + βM ⊗
∑
j
dpjρ
∗
j .
(16)
This inequality is very instructive to understanding the
efficiency of a general verification strategy.
Balanced state preparation.—The ensemble of test
states {ρj, pj}j is balanced if d
∑
j pjρj = 1, that is,
if {dpjρj}j is formally a positive operator-valued mea-
sure. Then the verification strategy and the operators
Θ,ΘP are also called balanced. In this case, we have
ΘP ≤ Θ ≤ 1, and the maximally entangled state |Φ〉 is an
eigenstate ofΘP andΘ with the largest eigenvalue 1. For-
mallyΘP,Θ are verification operators of |Φ〉 [22], so many
results presented in Ref. [22] can be applied to the current
study. A simple way for constructing balanced ensembles
is to use orthonormal bases: If {|ψj〉}j forms an orthonor-
mal basis inH, then the ensemble {|ψj〉〈ψj |, pj = 1/d}j is
balanced. In this case, {U |ψj〉}j also forms an orthonor-
mal basis, which is often useful to simplify the verification
of the output states.
If Θ is balanced, then Θ ≤ νMΘP + βM according to
Eq. (16). Let β = β(Θ) be the second largest eigenvalue
of Θ and ν = ν(Θ) := 1 − β(Θ); then ν ≥ νPνM, where
νP := 1 − βP and βP = β(ΘP) is the second largest
eigenvalue of the preparation operator ΘP. Therefore,
pE(Θ, ǫ) ≤ 1− νǫ ≤ 1− νPνMǫ. (17)
Here the first inequality follows from the definition in
Eq. (7) and can be proved using a similar idea used to
prove Eq. (1) in Ref. [19] (cf. Ref. [17]). As a consequence,
the minimum number of tests required satisfies
NE(ǫ, δ,Θ) ≤
⌈
ln δ
ln(1− νǫ)
⌉
≤
⌈
ln δ
ln(1− νPνMǫ)
⌉
≤
⌈
ln(δ−1)
νPνMǫ
⌉
. (18)
The efficiency is mainly determined by νP and νM, which
characterize the performances of state preparation and
measurements, respectively. This simple observation is
crucial to constructing efficient verification protocols.
The upper bound 1 for νM is saturated iff Ωj = UρjU
†
for all j. Given that tr(ΘP) = d, we can deduce that
βP ≥ 1/(d+ 1) and νP ≤ d/(d+ 1). The bound for νP is
saturated iff ΘP = (d|Φ〉〈Φ|+1)/(d+1), which means the
ensemble {ρj, pj}j is a 2-design. When d ≥ 3, a 2-design
can be constructed from ⌈ 34 (d − 1)2⌉ + 1 bases [21, 23].
When d is a prime power, the set of stabilizer states forms
a 2-design. In addition, a 2-design can be constructed
from a complete set of d + 1 mutually unbiased bases
(MUB) [21, 24, 25]. Two bases {|ψj〉}j and {|ϕk〉}k are
mutually unbiased if |〈ψj |ϕk〉|2 = 1/d for all j, k [26–28].
If instead the ensemble {ρj , pj}j is constructed from r
MUB with uniform weights, then we have νP = (r− 1)/r
(cf. Proposition 2 in Ref. [22]). The case of two MUB
was studied in Ref. [29] (cf. Ref. [30]).
Define the phase operator Z and shift operator X on
H as follows,
Z|j〉 = ωj|j〉, X |j〉 = |j + 1〉, j ∈ Zd, (19)
where ω = e2πi/d and Zd is the ring of integers modulo
d. Then the respective eigenbases of the three operators
Z,X,XZ are mutually unbiased [28]. To be specific, the
eigenbasis of Z is just the standard computational basis;
the eigenbasis ofX is the Fourier basis and is composed of
{∑j∈Zd ω−sj |j〉/
√
d}s for s ∈ Zd; the eigenbasis of XZ is
composed of {∑j∈Zd τ (s−j)2 |j〉/
√
d}s, where τ = −eπi/d.
If the dimension d is a prime, then the respective eigen-
bases of Z,X,XZ,XZ2, ..., XZd−1 constitute a complete
set of MUB [28].
Local state preparation and measurements.—In prac-
tice, it is often not easy to prepare entangled test states
or to perform entangling measurements. It is thus of
fundamental interest to clarify the limitation of local
operations on QGV. Suppose the Hilbert space H is a
tensor product of n Hilbert spaces H = ⊗nk=1Hk with
dim(Hk) = dk and d =
∏n
k=1 dk. Let U(Hk) be the group
of unitary operators on Hk. Suppose we can only pre-
pare product test states. Then ν(ΘP) is maximized when
the product test states are distributed according to the
Haar measure induced by
⊗n
k=1 U(Hk) given that ν(ΘP)
is concave in ΘP. In this case, we have
ΘP =
n⊗
k=1
dk|Φk〉〈Φk|+ 1
dk + 1
, ν(ΘP) =
dmin
dmin + 1
, (20)
where |Φk〉 is a maximally entangled state inHk⊗Hk and
dmin = mink dk is the minimum of the local dimensions.
Note that ΘP acts on (
⊗n
k=1Hk)⊗2, which is isomor-
phic to
⊗n
k=1H⊗2k . The above equation also applies if
the ensemble of test states is constructed from a prod-
uct 2-design, that is, the tensor product of 2-designs for
4TABLE I. Verification of bipartite and multipartite unitary
transformations based on local state preparation and local
measurements. Here νP and νM denote the preparation spec-
tral gap and measurement spectral gap of verification strate-
gies presented in the main text. NE(ǫ, δ) denotes the number
of tests required to verify the target unitary transformation
within entanglement infidelity ǫ and significance level δ (the
number listed is applicable in the worst case); cf. Eq. (18).
The counterpart with respect to the average gate fidelity reads
NA(ǫ, δ) = NE((d + 1)ǫ/d, δ). In addition, dmin denotes the
minimum local dimension of a bipartite unitary, d1 denotes
the local dimension of a Clifford unitary, and n denotes the
number of parties.
unitary νP νM NE(ǫ, δ)
bipartite dmin
dmin+1
2
3
⌈ 3(dmin+1)
2dmin
ǫ−1 ln δ−1
⌉
Clifford(2) 2
3
1
2
⌈3ǫ−1 ln δ−1⌉
Clifford(d1 odd prime) d1d1+1
d1−1
d1
⌈
d1+1
d1−1
ǫ−1 ln δ−1
⌉
Clifford(d1) 23
1
n
⌈
3n
2
ǫ−1 ln δ−1
⌉
C(n−1)Z 1
2
1
n
⌈2nǫ−1 ln δ−1⌉
C(n−1)X 1
2
1
n
⌈2nǫ−1 ln δ−1⌉
CSWAP 2
3
2
3
⌈
9
4
ǫ−1 ln δ−1
⌉
individual local Hilbert spaces. Any other preparation
operator ΘP based on product test states satisfies the
bound ν(ΘP) ≤ dmin/(dmin + 1).
Suppose we can construct r MUB B(k)1 ,B(k)2 , . . . ,B(k)r
for each Hk. Then the r bases
⊗n
k=1 B(k)s in H for
s = 1, 2, . . . , r are mutually unbiased. These bases can
be used to construct an ensemble of test states, which
can achieve preparation spectral gap νP = (r − 1)/r. If
each dk for k = 1, 2, . . . , n is a prime power, then we can
construct dmin mutually unbiased product bases in this
way, so the preparation spectral gap can attain the max-
imum dmin/(dmin+1) (over local preparation strategies).
In general, we can construct at least three mutually un-
biased product bases given the discussion after Eq. (19),
so the preparation spectral gap achievable in this way is
at least 2/3. The restriction to local state preparation
thus has little influence on the verification efficiency.
By contrast, the limitations of local measurements de-
pend on the unitary transformation to be verified and
the test states used. Nevertheless, many important gates
and circuits can be verified efficiently using local mea-
surements and local state preparation, as shown below.
Applications.—To illustrate the power of the general
framework of QGV proposed above, here we construct
efficient verification protocols for a number of important
quantum gates and circuits using local operations.
Let us start with bipartite unitary transformations.
The test states can be constructed from a product two-
design, so that the preparation spectral gap can attain
the maximum dmin/(dmin + 1) (over local state prepa-
ration). Alternatively, we can use mutually unbiased
product bases to achieve a similar performance. To ver-
ify general bipartite unitary transformations efficiently
with local measurements, we need to verify general bi-
partite pure states efficiently with local measurements.
Fortunately, the later problem has been solved recently
[23, 31, 32]. For any bipartite pure state, we can con-
struct a verification strategy using local measurements
which can achieve a spectral gap of at least 2/3. The
optimal strategy can be constructed by performing the
standard test (based on projective measurements on the
Schmidt basis) and a number of adaptive local projective
tests with two-way communication. In addition, the mea-
surement spectral gap can reach the value of 1/2 even if
we can perform only two distinct tests based on one-way
communication [23]. The number of tests required by
such a simplified strategy is comparable to the optimal
strategy. Therefore, all bipartite unitary transformations
can be verified efficiently with local state preparation and
measurements as summarized in Table I. Note that RB
is not applicable except for some special cases.
Next, consider the verification of a Clifford unitary.
Here we only require Pauli operations: preparation of
eigenstates of local Pauli operators and measurements of
local Pauli operators. The ensemble of test states can be
constructed from three mutually unbiased product bases,
namely, the standard basis, eigenbasis of all X operators
for individual qubits, and eigenbasis of all Y = iXZ op-
erators. In this way, the preparation spectral gap can
attain the maximum of 2/3. Under the action of the
Clifford unitary, each test state is turned into a stabilizer
state, which can be verified efficiently with Pauli mea-
surements. More precisely, we can measure all nontrivial
stabilizer operators with an equal probability, and the re-
sulting measurement spectral gap is 2n−1/(2n− 1) ≥ 1/2
[17, 19], where n is the number of qubits. These results
apply to both individual gates and gate sets, including
whole Clifford circuits. In addition, by virtue of Ref. [19],
they can be generalized to systems with odd-prime local
dimensions. If the local dimension is not a prime, the
output stabilizer state can be verified by measuring n sta-
bilizer generators with an equal probability; the resulting
measurement spectral gap is 1/n. The performance may
be improved by virtue of the cover or coloring protocol
proposed in Ref. [33]. Therefore, Clifford gates and cir-
cuits can be verified efficiently even if the local dimension
is not a prime (see Table I), in which case the Clifford
group is not a unitary 2-design and RB does not apply.
In addition, the number of tests required by our protocol
(for a given infidelity) is quadratically fewer than direct
fidelity estimation [34].
Next, consider the verification of the generalized
controlled-Z gate C(n−1)Z with n−1 control qubits. Now
test states can be constructed from two mutually unbi-
ased product bases, namely, the computational basis and
the eigenbasis of all X operators for individual qubits.
The resulting preparation spectral gap is 1/2. Under
5the action of C(n−1)Z, each state in the computational
basis is invariant and so can be verified by performing
the projective measurement on the computational basis.
By contrast, each state in the other basis is turned into
an order-n hypergraph state [35, 36], which can be ver-
ified efficiently using the coloring protocol proposed in
Ref. [33]; the resulting measurement spectral gap is 1/n.
The same method can also be applied to verifying cir-
cuits composed of generalized controlled-Z gates, which
is useful to studying IQP circuits and to demonstrating
quantum supremacy [37–39]. With minor modification,
this approach can be applied to verifying the generalized
controlled-X (CNOT) gate, including the Toffoli gate [12]
given that C(n−1)X = HnC
(n−1)ZHn, where Hn is the
Hadamard gate acting on the nth qubit. Generalization
to the qudit setting will be presented elsewhere.
Finally, for the CSWAP gate, the test states can be
constructed from three mutually unbiased product bases
as in the verification of Clifford unitaries. Under the
action of the CSWAP gate, each state in the computa-
tional basis still belongs to the computational basis and
so can easily be verified. Each state in the other two bases
is turned into a product state or a Greenberger-Horne-
Zeilinger (GHZ) state; the former can be verified by a
Pauli measurement, while the latter can be verified by
an efficient protocol based on Pauli measurements [40];
the resulting measurement spectral gap is 2/3. So the
CSWAP gate can be verified efficiently as well.
Summary.— We proposed a simple and general frame-
work for verifying unitary transformations that can be
applied to both individual gates as well as gate sets and
quantum circuits. Our approach enables efficient and
scalable verification of all bipartite unitaries, Clifford uni-
taries, generalized controlled-Z gates, generalized CNOT
gates, and CSWAP gate using local state preparation
and measurements. It is applicable in many scenarios
in which RB does not apply and is thus instrumental
to quantum computation and many other applications in
quantum information processing. On the other hand, our
approach is still not robust against SPAM and is not a
replacement of RB. Instead combining the merits of our
approach and RB may lead to a more powerful tool. We
hope that our work will stimulate further progresses in
this direction.
This work is supported by the National Natural Sci-
ence Foundation of China (Grant No. 11875110).
Note added.—Upon completion of this work, we be-
came aware of a related work by Liu et al. [41].
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